We study proximity induced triplet superconductivity in a spin-orbit-coupled system, and show that the d vector of the induced triplet superconductivity undergoes precession that can be controlled by varying the relative strengths of Rashba and Dresselhaus spin-orbit couplings. In particular, a long-range spin-triplet helix is predicted when these two spin-orbit couplings have equal strengths. We also study the Josephson junction geometry and show that a transition between 0 and π junctions can be induced by controlling the spin-orbit coupling with a gate voltage. An experimental setup is proposed to verify these effects. Conversely, the observation of these effects can serve as a direct confirmation of triplet superconductivity. Introduction -Crucial to the success of spintronics [1] are injection of spin, its long decay length and its manipulation. The study of spin transport in a superconductor has given rise to the subfield known as superconducting spintronics [2] [3] [4] . One may wonder if the spin-1 of Cooper pairs in a triplet superconductor can play a similar role as the electron spin in spintronics. The observation of surprisingly long-range proximity effect in a superconductor (SC)/ferromagnet (FM) junction [5] [6] [7] [8] [9] [10] [11] has been interpreted in terms of an injection into the FM of triplet Cooper pairs with a long decay length [12] [13] [14] [15] [16] [17] . However, it is unclear how to manipulate the long-range part of the induced triplet pair.
Introduction -Crucial to the success of spintronics [1] are injection of spin, its long decay length and its manipulation. The study of spin transport in a superconductor has given rise to the subfield known as superconducting spintronics [2] [3] [4] . One may wonder if the spin-1 of Cooper pairs in a triplet superconductor can play a similar role as the electron spin in spintronics. The observation of surprisingly long-range proximity effect in a superconductor (SC)/ferromagnet (FM) junction [5] [6] [7] [8] [9] [10] [11] has been interpreted in terms of an injection into the FM of triplet Cooper pairs with a long decay length [12] [13] [14] [15] [16] [17] . However, it is unclear how to manipulate the long-range part of the induced triplet pair.
We propose here a geometry in which the triplet pairs are injected into a material with spin-orbit coupling (SOC) and show, theoretically, that they can be manipulated by varying the relative strengths of the Rashba and Dresselhaus SOCs. In particular, we predict a longrange spin-triplet helix, which can be verified by observing a 0−π transition in Josephson junctions as a function of the SOC strengths. We show that the effect is robust against any spin independent scattering. Proximity effect in SOC materials has been considered previously, [18, 19] but with only Rashba SOC, which does not produce longrange effects discussed below.
Before presenting the detailed microscopic theory, we first illustrate the underlying physics, shown in Fig 1. In the absence of magnetization and SOC, four kinds of Cooper pairs (singlet | ↑↓ − | ↓↑ and triplet pairs | ↑↓ + | ↓↑ , | ↑↑ ± | ↓↓ ) are allowed with a zero centerof-mass momentum. The magnetization breaks the degeneracy between |k, ↑ and |−k, ↓ . It will lead to a spatially modulated oscillation e −iqx | ↑↓ ± e iqx | ↓↑ [20, 21] for the Cooper pairs with opposite spins but leave the pairs | ↑↑ ±| ↓↓ unchanged, as shown in Fig 1(b) . (Here we assume that the system is uniform along y and z directions so that the center-of-mass momentum of pairs is always zero along these directions.) On the contrary, SOC breaks the degeneracy between |k, ↑ (↓) and | − k, ↑ (↓) , as shown in Fig. 1(c,d) . Thus, the Cooper pairs with parallel spins will oscillate spatially as e −iqx | ↑↑ + e iqx | ↓↓ , while the pairs | ↑↓ ± | ↑↓ remain unchanged. Here we emphasize that the spin quantization axis aligns along different directions for different momenta, determined by the form of SOC in Fig. 1(c) . The spatially oscillatory pairs will decay after taking into account all possible wave vectors of q [15] in the case of Fig. 1(b) . Similarly, the triplet pairs | ↑↑ and | ↓↓ in Fig. 1 (c) will also generally decay rapidly in the SOC region. Therefore, in the presence of magnetization and generic SOC, only the pairs with zero center-of-mass momenta exhibit longrange proximity effect. However, there is an exception for a system with equal strengths of Rashba and Dresselhaus SOCs. In this case, the Fermi surfaces for two spin bands shifted in opposite directions by Q = 4mα, shown in Fig.  1(d) . Here m being the electron effective mass and α being the Rashba SOC strength. Thus, all of spatially oscillatory pairs have the same wave vector Q and will not decay even in the presence of spin independent scattering. We show below that these oscillatory triplet pairs result in a long-range helical mode, dubbed "long-range spin-triplet helix", in analogy to the persistent spin helix observed in two dimensional electron gases (2DEGs) [22] [23] [24] [25] [26] .
Hamiltonian and pairing functions -We study the SC/normal-conductor structure whose Hamiltonian takes the form ∆(x) is zero in the proximity region and has a constant value ∆ in the superconducting region. The magnetization M(x) and effective magnetic field of SOC h(x, k) are only present in the normal-conductor and depend on the spatial coordinate x shown in Fig. 2 and Fig. 3(a,b) . Cooper pairs in spin space can be described microscopically by a pairing function [12, 27] , which is the off diagonal block of the retarded Green's function
Here d 0 and d are the expectation value of singlet and triplet pairs respectively, E is the energy, r and r' are the spatial coordinates; we have f
and g R (g R ) is the electron (hole) Green's function. Both f R and g R are 2 × 2 matrices in spin space. The superconducting gap is related to the pairing function by the equality∆ = (1/2π) dEλf E Imf R where λ is the attractive interaction strength and f E is the Fermi distribution. In the proximity region, the superconducting gap is zero because of λ = 0, but the pairing function f R can be nonzero. Below, we will calculate, in the presence of either magnetization or SOC, the spatial evolution of the pairing function f R (E, r) in the proximity region and show its consistence to the physical picture in Fig. 1 .
d vector in a one-dimensional (1D) SC/FM/SOC junction -In the ferromagnetic region (x ∈ (−a, 0)) the SOC is zero, while in the SOC region (x > 0) the magnetization is zero shown in Fig. 2 . In the SOC (FM) region, the Fermi wave vectors of the spin split bands,
with v f = k f /m = 2µ/m, assuming h, M µ. The Green's functions G R can be related to the reflection matrix R by the Fisher-Lee relation [28] which has been applied to the superconducting proximity effect [29, 30] . For 1D case, Fisher-Lee relation in the basis
T takes the form [29] [30] [31] 
where i, j = 1, . . . , 4 and v i(j) is the velocity of the particle at energy E in i(j) channels. Therefore, we will calculate the reflection matrix to extract pairing functions in 1D case. For simplicity, we consider the clean limit with perfect transmission at FM/SOC boundary and ideal Andreev reflection at the FM/SC boundary. The reflection matrix R(x) in the SOC region can be decomposed into five matrices representing five steps shown in Fig. 2 : an electron first propagates from x = r to the interface at x = 0 (T in soc ); it then propagates to the interface at x = −a (T in fm ); ideal Andreev reflection occurs at the SC/FM interface of x = −a (R ad ), where the electron is completely reflected as a hole; the reflected hole transmits back to x = 0 (T rf fm ), and finally to the SOC region at x = r (T rf soc ) [32] . Consequently, the scattering matrix R(r) takes the form
When there is no SOC (i.e., r = 0), the reflection matrix at FM/SOC boundary takes the form [32]
m = M/M , α = arccos(E/∆) and τ z = +1(−1) for the electron (hole) in the Nambu space. In the limit M µ, we take 
When h(k) ⊥ M, the reflection matrix in the SOC regime has the form
where
and n is the unit direction of h(k f ). Here d 1 and d 2 give the decomposition of the d-vector along the direction m and m × n, respectively. Eq. (7) implies that d vector keeps its original direction in the case of d h(k). In contrast, Eq. (8) shows that in the case of
vector precesses in the plane perpendicular to h(k) when propagating along 1D SOC region. The above conclusions are consistent with our physical picture shown in Fig 1(c,d) . Especially, based on Eq (9), the precession of d vector leads to a helical structure, which is dubbed d helix or spin-triplet helix and schematically shown by red arrows in the SOC region of Fig 3 (b) . 0 and π Josephson junction transition -To confirm the predicted d helix, we propose an experimental setup of a SC/FM/SOC/FM/SC junction ( Fig. 3(a,b) ) and show that the d helix can lead to a 0−π transition in Josephson junctions [15] . The magnetizations of two ferromagnetic layers point along x and −x direction ( Fig. 3(a,b) ), to ensure a trivial 0-Josephson junction in the absence of the SOC region. The lengths of FMs are chosen to satisfy 2M a/ v f = π/2, so only triplet pairs with d vector along x direction are injected into the SOC region.
We consider two cases with the SOC h(k) = αk xêx M in Fig. 3 (a) and h(k) = αk xêy ⊥ M in Fig. 3(b) . The length of the SOC wire satisfy (k 2f −k 1f )L = π. To study the current-phase relation in this setup, we first calculate the Andreev levels numerically by evaluating the spectral function, Tr[ n g R (E, x n )]/N , in a tight-binding model. Here g R is the electron retarded Green's function defined in Eq. (1), x n represents the nth site and N is the total number of sites in the proximity region. The spectral functions are plot as a function of the relative phase φ between two SCs in Fig. 3(c,d) . The peaks shown by the red color indicate Andreev levels. We also obtain Andreev levels analytically using the standard scattering matrix method [32] [33] [34] . The analytical results are shown by two black lines in Fig 3(c,d) , which are consistent with the numerical results. It is noted that the crossings of the black curves at φ = π, in Fig. 3(c) and at φ = 0; 2π in Fig. 3(d) turn into anti-crossings in numerical results. This is because we impose a barrier potential at the SC/FM interfaces and include the Fermi velocity mismatch among different regions in numerical calculations, which remove all degeneracies in analytical results. The anti-crossing changes the period of the Josephson current at zero temperature, I s = 2e n ∂E n /∂φ with the sum-mation of negative Andreev levels, from 4π (black curves) to 2π [33, 35] . The Josephson current for the Fig. 3(c) gives the form of I s ∼ sin(φ) (the blue line in Fig. 3(f) ), which corresponds to a 0-junction. In contrast, for the Fig. 3(d) we have I s ∼ sin(φ + π) (the red line in Fig.  3(f) ), indicating a π-junction. This 0-pi junction transition is consistent with the physical picture of the d-vector precession, shown by red arrows in Fig. 3(a,b) . Further calculations show that the π junction is obtained for L satisfying π/2 < (k 1f − k 2f )L < 3π/2 [36] .
d helix in a 2D system -Having clarified the physics in a 1D model, we next ask if d helix also exists in a 2D system. For a 2DEG, the SOC has the form (assuming x-axis along [110] direction)
where α and β are the Rashba and Dresselhaus SOC strengths. When α = β, the Fermi surface with the spin parallel (anti-parallel) to the y axis is shifted along −x (x) direction by Q/2, as shown in Fig 1(d) . As a result, the eigenenergies of two spin states satisfy
, where Q = 4mβê x , and 1 (2) denotes the spin parallel (anti-parallel) to the y axis. As shown in Refs. [22] [23] [24] [25] [26] , one can construct spin helix operators, which commute with the Hamiltonian and lead to a persistent spin helix mode.
In our model with superconductivity, we can define triplet pairing operatorŝ
where the summation is performed in the interval {k, i} = {k x < (−1) i Q/2, k y } at the Fermi surface to avoid double counting. These two operators represent a d helix of triplet pairs with center-of-mass Q in x-z plane. Since the operatorsd x,z commute with the Hamiltonian H 0 +H so [32], a persistent d helix also exists in the triplet superconducting proximity region. It is also noted that in the case of α = β, the Hamiltonian even with a spin independent scattering potential, H = H 0 +H so +V (r)σ 0 , can be transformed to a Hamiltonian without SOC through the unitary matrix U = exp(−iQx/2)σ y . This is because U is independent of momenta and commutes with V (r)σ 0 . At the same time, the triplet pairs with centerof-mass momentum Q as defined in Eq. (10, 11) is transformed to those with zero center-of-mass momentum as shown in Fig 1(a) . Therefore, we expect that this spintriplet helix is immune to any spin-independent scattering and its decay length should be as long as the Cooper pairs coherence length [33] In experiments, the Dresselhaus parameter β is fixed while Rashba parameter α can be tuned by a gate voltage. Therefore, the following geometry can be used to confirm the oscillatory triplet pairs by observing an electrically tunable 0-π transition. The length L of the SOC region is chosen to satisfy the condition QL = π. From the above discussion, when α = β, the d vector of triplet pairs changes its sign after propagating from x = x 2 to x = x 3 ( Fig. S2(a) ), leading to a π-junction. If we tune the Rashba parameter to α = −β, the effective magnetic field of SOC h = 2βk yêx is along the x direction, parallel to d vector. Based on our theory, d vector keeps its direction in the SOC region ( Fig. S2(b) ) and we will have a 0-junction. The proximity effect in the 2D Josephson junction for these two cases should be long-range according to our arguments. For realistic experiments, InAs quantum wells provide a potential candidate (Fig S2(c) ), because they show strong proximity effect due to their low Schottky barrier [39] . If the two FM layer are Ni, 1 nm thickness [9] is enough to convert singlet pairs in SC to triplet pairs on FM/InAs interface. For the effective mass m eff = 0.04m e and typical α = 0.2eVÅin InAs quantum wells, we find Q ≈ 40µm 
SUPPLEMENTARY MATERIAL
In the Supplementary Material, we provide details for the calculation of the propagation matrix and the Andreev levels for various geometries mentioned in the main text in the 1D clean limit. We also present the details for the spatial evolution of triplet pairs in the 2D system with general spin-orbit couplings (SOCs). Section I will derive the previously known results for superconductor/ferromagnet (SC/FM) junction [S1, S2] from the scattering matrix method, and Section II will consider SC/FM/SOC geometry. Section III will show how to calculate the Andreev levels in SC/FM/SOC/FM/SC junctions based on the scattering matrix method. The definition of the triplet pairing operators given in Eqs. (10, 11) of the main text and their properties are given in Section IV. Section V describes the spatial evolution of the triplet pairs based on the Usadel equation.
1D SC/FM junction
We first consider how magnetization mixes different pairing functions in a one-dimensional (1D) ferromagnetic region of a SC/FM junction, schematically shown in Fig S1. a. The effective Hamiltonian for this junction is given by
where Θ is the Heaviside step function, M denotes magnetization of FM, and ∆ is the superconducting gap in the SC region. The SC/FM interface reflects incoming electrons (holes) into outgoing holes (electrons) and thereby induces a non-zero pairing function in the ferromagnetic region. To explore the spatial evolution of pairing function in a clean ferromagnetic wire, we formulate the reflection process by a matrix R fm (a), given by
which is decomposed into three steps shown in Fig. S1 .a. An incoming electron (hole) is transmitted from x = a to the SC/FM interface at x = 0 (T in fm ); then an ideal Andreev reflection occurs at SC/FM interface where the incoming electron (hole) is completely reflected to the outgoing hole (electron) (R ad ); the reflected outgoing hole (electron) propagates back to x = a (T rf fm ). We now calculate each factor separately. In the first step, the wave functions of two incoming electrons and holes with opposite spins take the form
where0 = (0, 0) T , k 3f and k 4f (in Fig. S1(a) ) are the Fermi wave vectors of the minority and majority spin bands, respectively, and M · σψ ± = ±|M |ψ ± . In the clean limit, the transmission matrix T in fm describes the propagation of an incoming electron or hole from x = a > 0 to the SC/FM interface and is given by
Here β = (k 4f + k 3f )a/2 and In the second step, the ideal Andreev reflection matrix has the form [S3]
where α = arccos(E/∆) with the energy E satisfying |E| < ∆. In the third step, there are four outgoing particles in the ferromagnetic region, with wave functions given by
The transmission matrix T rf fm describes the outgoing waves moving back from the SC/FM interface at x = 0 to x = a, given by
It is noted that T in fm has the same form to T rf fm , which is consistent to the fact that the magnetization respects the inversion symmetry. The total reflection matrix at x = a in the ferromagnetic region is then given by
The pairing function can now be obtained by the Fisher-Lee relation [S4] shown in the main text, and is given by
The above equations display the spatial oscillation between singlet and triplet pairs in the FM region. We note that the d-vector is along the direction of magnetization M .
1D SC/FM/SOC junction
We next consider a 1D SC/FM/SOC junction. The calculation is conceptually similar to that given above, although the details are more complicated. The reflection matrix is now given by
where R fm (a) has already been calculated above. The SC/FM junction is utilized as a source of singlet and triplet pairs, and the relative strengths of the two can be tuned by varying a, the length of the FM region.
The Hamiltonian in the SOC wire has the form
wherep is the momentum operator, m is the electron mass, h(p) is the effective magnetic field due to SOC and µ is the chemical potential. In the SOC region, the incoming electrons and holes propagate to the FM/SOC interface with the wave functions
where k 2f and k 1f (in Fig S1(b) ) are the Fermi wave vectors of the majority and minority spin bands respectively and n · σψ ± = ±ψ ± with n = h/|h|. The wave functions of outgoing electrons and holes are given by
To obtain the pairing function in the SOC wire, we consider a perfect contact at FM/SOC interface. The transmission from x = L to the SC/FM interface at x = 0 is represented by the matrix
where β = (k 2f + k 1f )L/2 and
The reflected hole (electron) moves back from the interface to x = L, which is represented by the matrix
It is noted that T rf soc , describing the propagation away from the F/SOC interface, is different from T in soc , describing the propagation towards the F/SOC interface. This indicates the fact that SOC breaks inversion symmetry.
We now have all the information needed to evaluate R soc (L), and hence the pairing function. We specialize below to the case (k 4f − k 3f )a = π/2, for which, according to Eq. S9, the SC/FM junction behaves as a reservoir of only triplet pairs whose d-vector is along the magnetization direction. When the magnetization M in the ferromagnetic region is parallel to h in the SOC region, the reflection matrix at x = L in the SOC region is the same as that in the ferromagnetic region
which implies that the SOC will not affect the triplet pair whose d-vector is parallel to the effective magnetic field of SOC. When M is perpendicular to h, the refection matrix shows an oscillating behavior
which is identical to rotate the triplet pair in the plane perpendicular to h.
Scattering matrix method in SC/FM/SOC/FM/SC junction
We now show the scattering matrix method in the SC/FM/SOC/FM/SC junction. The magnetizations of two ferromagnetic layers point along x and −x direction ( Fig.3(a,b) in the main text), to ensure a trivial 0-Josephson junction in the absence of the SOC region. The lengths of FMs are chosen to satisfy 2M a/ v f = π/2, so only triplet pairs with d-vector along x direction are injected into the SOC region based on Eq. (S10). From Eq. (S9,S10), the associated reflection matrix at the interface of x 2 (x 3 ) takes the form
where −φ/2 (φ/2) is the phase of the left (right) superconductor. The discrete Andreev levels in the Josephson junction can be obtained from the condition [S3, S5]
where I 4×4 is a 4 by 4 identity matrix. When the effective magnetic field of SOC is along y direction, substituting Eq. (S15,S17) into Eq. (S20) and taking k 2f − k 1f = π, we have
which gives the two-fold degenerate Andreev levels E = ±∆ cos( φ+π 2 ). When the effective magnetic field of SOC is along x or -x direction, we have 
we have
Combining Eq. (S34,S35,S36,S37), we have i∂ t f < (t , x ; t, x) = H(−i∇ x )f < (t, x; t , x ) (S38) i∂ t f < (t , x ; t, x) = f < µλ (t, x; t , x )H T (−i∇ x ).
We define R = (x + x )/2, r = x − x , T = (t + t )/2, τ = t − t , ∇ R = ∇ x + ∇ x , ∇ r = (∇ x − ∇ x )/2, ∂ T = ∂ t + ∂ t and ∂ τ = (∂ t − ∂ t )/2. Therefore, Eq. (S38,S39) can be written in the (T, τ, R, r) coordinates as
When only impurity scattering is considered, the equation of motion for retarded and G-lesser functions in the center of mass coordinates are the same [S6] . Therefore, Eq. S41 can also be applied for the anomalous retarded Green's function f R (E, x). To get a more compact form of Usadel equation for f R (E, x), we definê v so = ∂Ĥ so ∂k = (ασ y + βσ x )e x − (ασ x + βσ y )e y , H so = (βp x − αp y )σ x + (αp x + βp y ) =p x (βσ x + ασ y ) +p y (−ασ x − βσ y ) =p ·v so ,
By using the fact that iσ y σ * = −σiσ y , the Usadel equation of f R can be simplified to the equation of D as
When f R slowly varies in the proximity region, it is dominated by Eq. S44 which is actually the Elienberger equation in the presence of both magnetization and SOC. Therefore, in this case, it is easily seen that the magnetization will mix the singlet pair with triplet pair which is parallel to the magnetization and the SOC will let the d(spin) vector precess in the plane perpendicular to the SOC direction which is similar to the SOC on the spin. When the pair function varies along x direction, the Usadel equation in the presence of only SOC has the form 
